An asymptotic formula is derived for the sum of powers of reciprocals of π(n), where π(x) denotes the number of primes not exceeding x. This is an extension of previous results of L. Panaitopol and A. Ivić.
INTRODUCTION

Denote by π(x)
This asymptotic formula is obtained as a consequence of the prime number theorem
In 2000, L. Panaitopol [3] improved (1) to
This asymptotic formula is a consequence of the following results which is due by L. Panaitopol [3] (4) 1
, and the constants k 1 , k 2 , . . . , k m are defined by the recurrence relation
Easy calculations give
In [3] L. Panaitopol gives the following formula for k n
To prove (3), L. Panaitopol uses (4) for m = 2. Recently, using (4), A. Ivić gives the following further improvement of (2), for any fixed integer m ≥ 2
where C is an absolute constant, and k 2 , . . . , k m are the constants defined by (5).
In this paper, we give an asymptotic formula for the more general sum
This result contained in the Theorem stated in the following section is obtained by using (4).
STATEMENT OF THE THEOREM
Let r ≥ 2 be an integer. Then the serie
the prime number theorem (2), we have
Let us denote by C r its sum
Let (α r,n ) n≥0 be the sequence of real numbers defined by the following equal-
By setting
Theorem. For any fixed integer m ≥ 2, we have
When m = 6, the Theorem gives for r = 2
The proof of Theorem uses essentially the two following lemmas.
LEMMAS
Let m ≥ 2 an integer. Since r ≥ 2, the integral
converges for any q ∈ Z.
When q ≤ r and x ≥ 3, the function x → log q x x r is decreasing and positive. Consequently, we can write
Also, we have 
Lemma 2. For any integer s
It follows from (14) , (15) , (16) and (17) 
Proofs of Lemmas. For q ∈ Z, an integration by parts gives
To prove Lemma 1, we use (20) when q = k, where k ≥ 1, with
Then (20) gives (14), (21) and (22) 
, for 0 ≤ k ≤ s, and the Lemma 1 follows.
To prove Lemma 2, we use (20) with q = −k, where k ≥ 1, with
Then (20) gives
For s ∈ {1, 2, . . . , m − 1} , one deduces from (14), (23) and (24)
The Lemma 2 is then proved.
PROOF OF THE THEOREM
From (4) and (10), we get for any fixed m ≥ 2
By summation one obtains for x ≥ 3 Finally, we obtain 
where λ r,k and µ r,k are defined by (12) and (13), and this completes the proof.
